Abstract Permutation polynomials (PPs) of the form (x q − x + c) q 2 −1 3 +1 + x over F q 2 were presented by Li, Helleseth and Tang [Finite Fields Appl. 22 (2013) 16-23]. More recently, we have constructed PPs of the form (x q + bx + c) 3, 4, 6 [Finite Fields Appl. 35 (2015) 215-230]. In this paper we concentrate our efforts on the PPs of more general form
significant progress; see for example, [1, 2, 3, 4, 5, 6, 7, 8, 21, 22, 23, 24, 28, 29, 30, 31, 32, 33] . A reason for such a rapid development is that PPs have some applications in design theory [14, 17] , coding theory [5, 9, 19] , cryptography [13, 18, 20] , and other areas of science and engineering [14, 16] .
Li, Helleseth and Tang presented a class of PPs of the form (x q − x + c) q 2 −1 3 +1 + x over F q 2 by using the piecewise method [10] . Later in [27] we employed the AGW criterion to construct PPs of the form similar to P(x) = (x q + bx + c)
where d = 2, 3, 4, 6 and d | q 2 − 1. This paper is motivated by the question: when does P(x) permute
In this paper we continue our investigations by using the AGW criterion, and focus our attention on the PPs of the form
where a, b, c, u, v ∈ F q 2 , r ∈ Z, φ (x) is an arbitrary polynomial over F q 2 , and d is an arbitrary divisor of q 2 − 1. Obviously, f (x) is a generalization of P(x).
AGW criterion and the reduction of problem
The following lemma was proved in [1] by Akbary, Ghioca and Wang, which is referred to as AGW criterion in [16] . For further results about the AGW criterion, we refer the reader to [25, 26, 27] .
Lemma 1 (AGW criterion) Let R, S,S be finite sets with #S = #S, and let f : R → R, g : S →S, θ :
R → S andθ : R →S be mappings such thatθ • f = g • θ , i.e., the following diagram is commutative:
If both θ andθ are surjective, then the following statements are equivalent:
is bijective from R to R (permutes R).
(ii) g is bijective from S toS and f is injective on θ −1 (s) for each s ∈ S.
The AGW criterion gives us a recipe in which one can construct permutations of R from bijections between two smaller sets S andS. But it requires two conditionsθ • f = g • θ and #S = #S. For R = F q 2 and the mapping induced by P(x), it was a hard problem for us to determine θ ,θ and g such that the previous two conditions are satisfied. This is the reason we only considered P(x) with d ≤ 6 in [27] .
The crucial breakthrough of this paper is that a commutative diagram with a desired property is constructed. More precisely, for R = F q 2 and the mapping f induced by (1), we find θ ,θ and g such thatθ • f = g • θ and S =S, where S is a coset of the subfield F q . Hence the upper half of Figure 1 is commutative. According to the AGW criterion, the problem of determining whether f (x) permutes F q 2 is reduced to another one: whether g(x) permutes the smaller set S. The later problem is relatively simple since we need only calculate at most q values to verifying it.
Based on the above result, we apply the AGW criterion again, and find λ and h such that λ • g = h • λ , i.e., the lower half of Figure 1 is commutative. By the AGW criterion, g(x) permutes S if and only if h(x) permutes U n , where n = d/ gcd(q + 1, d) and U n is the set of n-th roots of unity in F q 2 . It is easy to check the permutation property of h(x) on U n when n is not very large. 
Outline
In Sections 2 and 3, for any φ (x) ∈ F q 2 [x] we obtain three equivalent statements:
From Section 4 to 7, we consider special forms of φ (x), and find a series of simple conditions for f (x) to be a PP of F q 2 ; for instance see Corollaries 3, 4, 8, 10 and 14. These results unify and generalize some PPs in [1, 10, 25, 27, 29] .
The reduction from F q to S
For ease of notations, we let
We let ξ denote a primitive element of F q 2 , and let U n denote the set of n-th roots of unity in F q 2 . In this section, we
give the main result and its explanation.
and ac q = b q c. Then f (x) defined by (1) is a PP of F q 2 if and only if g(x) permutes S, where
Proof To apply AGW criterion, we need to construct a commutative diagram. Let
where C = (u q+1 − v q+1 )c. The proof is divided into four steps.
(i) First, we prove thatθ • f = g • θ , i.e., the following diagram is commutative:
Therefore aθ (x) q ≡ b q θ (x) and so a q θ (x) ≡ bθ (x) q . Furthermore,
Let ψ(x) = ux q + vx. Then
and, by (4) and (5),
(ii) Now we show S =S if A = 0. It will be proved in Lemma 2 that a q+1 = b q+1 if and only if 
Similarly to (3), we obtain Aθ (x) q = B q θ (x). An argument similar to the one used above shows that
Therefore we conclude that
For any
is not injective on θ −1 (s) and, by the AGW criterion, f (x) is not a PP of In Theorem 1, the problem of determining whether f (x) permutes F q 2 is reduced to that of establishing whether g(x) permutes S. It follows from (6) that S is a coset of the subfield F q , and so S has q elements. We need only calculate at most q values (g(y) for y ∈ S) to verify whether f (x) permutes F q 2 . Hence Theorem 1 provides a relatively simple necessary and sufficient condition for f (x) to be a PP of F q 2 .
According to the commutative diagram in the proof of Theorem 1, g(x) induces a mapping from
S to S. Hence g(x) permutes S if and only if g(x)
is injective on S, which can be used to simplify the proof that g(x) permutes S. Next, we will give further explanation for Theorem 1 by the following lemma.
Lemma 2 Let a, b, c ∈ F q 2 with ab = 0. Then (iv) The subfield
There are exactly q + 1 choices for β , 
we employ the AGW criterion again and obtain the next result.
and only if h(x) permutes U n , where
Proof Let g(x) be defined by (2), λ (x) = x (q 2 −1)/d and T = {λ (x) | x ∈ S}. We will prove that g(x)
permutes S if and only if h(x) permutes T . The proof is divided into four steps.
(i) When u q+1 = v q+1 or u q+1 = v q+1 and r = 1, it is easy to show that λ • g = h • λ , i.e., the following diagram is commutative:
Since gcd(q
. ., n} is a complete residue system modulo n.
namely nd/n | (md/n)(q − 1), we get n | q − 1. Thus
where D ′ i is a set of (q − 1)/n elements from D i , and
(iii) It follows from (9) and (10) 
It is easy to prove that the following statements are equivalent: In the proof above, the problem of determining whether g(x) permutes S is reduced to that of verifying whether h(x) permutes U n . Hence Theorem 2 indicates that f (x) in (1) permutes F q 2 if and only if h(x) permutes U n . In this case we need only calculate at most n values (h(y) for y ∈ U n ) to verify whether f (x) is a PP of F q 2 . Therefore, roughly speaking, Theorem 2 is more efficient than Theorem 1 when n < q. In particular, if n = 1 and h(1) = 1, then f (x) permutes F q 2 . We next consider the case that d is an even divisor of q − 1. an argument similar to that leading to (10) shows
where ω = ξ (q 2 −1)/d . The remainder of the proof is analogous to that in Theorem 2 and so is omitted.
When d | q − 1, Corollary 1 and Theorem 3 give necessary and sufficient conditions for f (x) to be a PP of F q 2 . We conclude this section with a remark on the degree of φ (x). Because
we need only consider φ (x) of degree less than d in Theorem 1. By (10),
Hence we need only consider φ (x) of degree less than n in Theorem 2.
φ (x) is a constant
In Sections 2 and 3, the polynomial φ (x) is arbitrary. In order to find simple conditions for f (x) to be a PP, special forms of φ (x) are considered form Section 4 to 7. First, we investigate the case that φ (x) is a constant. 
Because S is a coset of F q and
it follows that g(x) is injective on S if and only if B + A 1−r B qr = 0 and
is a complete residue system modulo q − 1, i.e., gcd(r, q − 1) = 1. 
For any e ∈ F q 2 , if θ (e) = 0 then θ (e) q−1 = b q /a. Hence
The second part of the theorem is a direct consequence of Theorem 4.
Applying Theorem 5 to r = 1, we obtain the following result. Then f (x) in (1) satisfies the congruence
if and only if α q+1 = β q+1 .
Corollary 6 reduces f (x) in (1) to a simple linearized polynomial. Theorem 8 in [10] and some theorems in [27] are special cases of Corollary 6.
Example 1
Let q be an odd prime power with 3 | q + 1, and let c ∈ F q 2 with c + c q = 0. Theorem 8 in [10] pointed out that
In fact, by Corollary 6, we have
where e = (−1) (q+1)/3 . Since e q+1 = (1 − e) q+1 , it follows that f (x) is a PP of F q 2 .
φ (x) has degree less than three
According to Theorem 2, the permutation behavior of f (x) in (1) on F q 2 is easy to check when n is small. For n = 2 or 3, it suffices to consider φ (x) of degree less than 3. In this case, we derive two explicit classes of PPs of F q 2 . These results unify and generalize several classes of PPs obtained in [10, 27].
The case n = 2
Fist a simple lemma is needed.
Lemma 3 Let d ≥ 3 be even. Then the following two conditions are equivalent:
Combining Theorem 2 and Lemma 3, we deduce the next result. 
where e 0 , e 1 ∈ F q 2 . Then f (x) is a PP of F q 2 if and only if
Proof It follows from Theorem 2 that f (x) is a PP of 
The case n = 3
The next result is a particular case for n = 3.
Proof Clearly B = (−b) q+1 = 1 and φ (x) = x k . According to Theorem 2, f (x) is a PP of F q 2 if and
Theorem 7 unifies and generalizes some results in [27] . In fact, if d = 3 and q + 1 ≡ 2 (mod 3), then 3 | q − 1 and ω q = ω. Therefore we have the next corollaries. 
Taking k = 1, Corollary 7 reduces to Theorem 4.5 in [27] . Applying Theorem 7 to d = 6 and q + 1 ≡ 2 (mod 6), we have the following result. Let ω = ξ (q 2 −1)/3 . Then f (x) is a PP of F q 2 if and only if
Corollary 8 unifies Theorems 6.3 and 6.4 in [27] .
In this section we consider the case φ (x) = ∑ d−1 k=0 x k , and derive a class of PPs which generalizes some results in [27] .
According to Corollary 6, if r = 1 and d = 2, then f (x) in (1) 
The following theorem is based on this observation. 
Then the following statements hold:
is a PP of F q 2 if and only if (14) holds.
Proof From Theorem 1, f (x) in (13) is a PP of F q 2 if and only if
where (14) holds, i.e., (α/β ) (
and so g(x) is injective on S. Because g(x) induces a mapping from S to S, we deduce that g(x)
permutes S. Furthermore, f (x) is a PP of F q 2 .
(ii) If d is an odd divisor of q − 1, by Corollary 1, f (x) is a PP of F q 2 if and only if 
We can also derive the following classes of PPs from Theorem 8. 
Corollary 10
is a PP of F q 2 if and only if 1 − 2de 1 + 2e
Corollary 11 generalizes Theorem 4.10 in [27] , where d = 3 is considered.
The polynomial φ (x) over F q is considered in this section. The fact that φ (x) q = φ (x q ) is employed to reduce the polynomials g(x) in (2) and h(x) in (7). Then we obtain explicit conditions in which f (x)
is a PP of F q 2 .
The reduced form of g(x)
Also note that
Therefore g(x) permutes S if and only if u q+1 = v q+1 . According to Theorem 1, we have the next result. We can also derive the following classes of PPs from Theorem 9. 
The reduced form of h(x)
Let u q+1 = v q+1 . Then, by φ (x) q = φ (x q ), the polynomial h(x) in (7) 
Conclusions
By constructing two commutative diagrams, we present new classes of permutation polynomials over F q 2 . These results unify and generalize some families of permutation polynomials. The idea and technology of this paper is expected to be extended to other finite fields; for example, F q 3 or F q n . These permutation polynomials may have many practical applications, including constructions of cryptographic functions, cyclic codes, difference sets, and sequences with good randomness.
